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ABSTRACT
T h e steady-state microwave heating of finite one and two dimensional
slabs is examined. The temperature dependency of the electrical conductivity and the thermal absorptivity is assumed to be governed by the Arrhenius
law, while both the electrical permittivity and magnetic permeability are assumed constant. The governing equations are the steady-state versions of
the forced heat equation and Maxwell's equations while the boundary conditions take into account both convective and radiative heat loss. Approximate
analytical solutions, valid for small thermal absorptivity, are found for the
steady-state temperature and the electric-field amplitude using the Galerkin
method.

As the Arrhenius law is not amenable analytically, it is approx-

imated by a rational-cubic function. At the steady-state the temperature
versus power relationship is found to be multivalued; at the critical power
level thermal runaway occurs when the temperature jumps from the lower
(cool) temperature branch to the upper (hot) temperature branch of the solution. T h e approximate analytical solutions are compared with the numerical
solutions of the governing equations in the limits of small and large heat-loss
and also for an intermediate case involving radiative heat-loss.
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1

Introduction

Microwave heating of materials has found widespread industrial applications,
such as smelting of metal, sintering of ceramics and the drying of wool and
wood. Compared to conventional convective heating, the processing time using microwave heating can be dramatically reduced. However, the microwave
heating process can be difficult to control, with thermal runaway possible.
The widespread application of microwave heating has uncovered a number
of phenomena, such as thermal runaway. This thermal instablity arises because of the nonlinear dependence of the electromagnetic and thermal properties of materials on temperature. Hence, a small increase in the incident
power can result in a large and rapid increase in the material's temperature. Sometimes thermal runaway is desirable but is usually undesirable.
For example, in the smelting of metal thermal runaway will result in a faster
processing time while for sintering ceramics or drying of wool the rapid increase in temperature is disastrous as it results in the product being burnt
or destroyed.
The equations governing the microwave heating of a material are Maxwell's
equations which governing the propagation of microwave radiation through
the material, and the forced heat equation which governing the heat absorption and the resultant heat diffusion, with the heat absorption being
proportional to the square of the ampHtude of the electric field. In general,

the properties of the material, such as electrical conductivity, electrical permittivity and magnetic permeability are temperature dependent. The rate
of heat absorption in the material increases with temperature, hence as the
temperature increases so does the heat absorption, which can then lead to
thermal runaway.
Due to its destructive nature, it is important to understand and hence
predict the occurence of thermal runaway. The governing equations of microwave heating are coupled in a nonlinear manner through the temperature
dependence of the material properties and consequently exact analytical solutions are rarely available. Also, numerical solutions are computationally
expensive, particularly for a realistic three-dimensional geometry appropriate
for an industrial process. Due to the difficulties with both exact and numerical solutions, the aim of this thesis is to develop approximate analytical
solutions which can describe and predict thermal runaway.
The mathematical modelling of microwave heating has generated a lot
of interest in the last few years; the survey article of Hill and Marchant [2
details much of this work. If the initial propagation of microwave radiation,
and the subsequent heating of the material is of interest, then perturbation
solutions for the electric field and the temperature can be found. Smyth [3
and Marchant and Pincombe [4] considered high-frequency radiation (the geometrical optics limit) and small thermal diifusivity to develop perturbation

solutions using the method of strained co-ordinates with the electrical conductivity, electrical permittivity and magnetic permeability all assumed to
be slowly-varying with a power-law dependence on temperature. Smyth [3
found series solutions for a semi-infinite slab, cylindrically symmetric and
spherically symmetric bodies, while Marchant and Pincombe [4] developed
perturbation solutions which illustrate the process of thermal runaway and
compared it to numerical solutions of the governing equations.
Pincombe and Smyth [5] considered all the material properties to be
slowly-varying functions of space and time. In addition, the electrical conductivity and thermal absorptivity were assumed small. A perturbation solution
was developed using the method of multiple scales and in the case of constant
microwave speed some analytic solutions for the first-order amplitude were
found, including cases where thermal runaway occurs. In addition, numerical
solutions were developed for the case of temperature dependent wavespeed.
Alternatively, if the thermal aspects are isolated, the forced heat equation

=

+

(1-1)

is considered, where 'y{T) is the temperature dependent rate of microwave absorption by the material (the thermal absorptivity) and the constant electricfield amplitude is normalised to unity. Roussy et. al. [6] numerically solved
(1.1) for a cylindrical body with the thermal absorptivity dependent on a

quadratic function of temperature,

7 = 7o + 7l2^ + 72T^
with a convective heat-loss boundary condition.

(1.2)
Hill and Smyth [7] con-

sidered (1.1) for planar, cylindrical and spherical geometries with a fixedtemperature boundary condition and found steady-state solutions.

They

assumed that in the regions of parameter space where steady-state solutions
do not occur, that thermal runaway does, due to the exponential thermal
absorptivity. Also, for some parameter values, two steady-state solutions exist, with the higher temperature profile unstable and the lower temperature
profile stable.
Hill and Jennings [8] analysed the experimental data collected for various materials and found simple analytical forms for the variation of thermal
absorptivity with temperature.

They found that, in general, the thermal

absorptivity increases with temperature. However, the thermal absorptivity
can also decrease with temperature over a limited temperature range. In particular, they found Hnear, quadratic and exponential dependencies are valid
for many materials.
Marchant [9] in the study of materials with impurities and microwave
joining considered
7 = 7O + ( 7 I + 7 2 ^ 0 ^ ( ^ ) .

(1.3)

where 6{x) is the Dirac-delta function. This represents a material of constant

thermal absorptivity with an impurity at x = 0. At the impurity there is
a source of additional temperature-dependent thermal absorptivity. Steadystate solutions and conditions for thermal runaway were found for a onedimensional slab.
Pangrle [10], in a study of the thawing of lossy dielectric materials, used
a numerical method involving finite element front-tracking and Newton iteration to solve the heat conduction equation and Stefan equation.

The

dielectric and thermal properties were assumed to be constant. The magnitude of the source term was determined at each time step by an analytical
solution to Maxwell's equations. The transient temperature and power deposition profiles, and the velocity of the pha^e-change interface were found.
The thawing time versus sample thickness was found to follow a power-law
relationship.
Ayappa [11] considered the microwave heating of food systems based on
a Lambert law formulation of the absorbed power. Maxwell's equations were
solved for multilayered slabs of materials having constant dielectric and thermal properties. The resulting expression was used in the source term of the
heat conduction equation, which was then solved by the method of finite
elements. The temperature profiles were found for samples composed of one
and three layers of materials whose properties mimic those of various food
systems. The vahdity of the Lambert law was studied, and there exists a

critical slab thickness above which the Lambert law limit is valid.
Ayappa [12] developed a finite element analysis to simultaneously solve
Maxwell's equations and the forced heat equation for homogeneous multilayered slabs, whose thermal and dielectric properties both vary with temperature. The resulting nonlinear equations are solved by Newton's method.
The finite-element method was found to be advantageous when analyzing
complicated geometries, and for composite media, as the derivatives of the
unknowns at the interfaces can be incorporated in a natural manner.
Jolly and Turner [13] considered the microwave heating of wood and developed a one-dimensional model for predicting microwave heating rates and
associated temperature distributions in the material for varying dielectric
properties. The nonlinear system of equations is solved numerically by finitedifference methods and error checking is incorporated into the resulting computer package to ensure accurate results. The use of a layer of teflon (which
is loss-less) between the wood and the metal waveguide was also considered.
It was shown that an appropriate teflon slab can enable flatter temperature profiles to be obtained in the wood, hence more uniform heating results.
Turner and Ferguson [14] extend the method to examine the two-dimensional
drying of wood.
Turner and Jolly [15] considered combined microwave and convective drying of a porous material. The drying process is governed by conservation

equations for mass, liquid and enthalpy coupled with the appropriate flux
laws. The boundary conditions allow convective drying at the front edge of
the slab while the rear edge of the slab is impermeable. These equations
are considered in conjuction with Maxwell's equations and the forced heat
eqaution. Then the electrical permittivity and the thermal absorptivity are
both moisture- and temperature-dependent. The results show that the combined use of convective and microwave drying can halve drying times. The
microwave radiation heats the moisture deep within the material, causing the
moisture to be pumped to the surface. When the material is nearly dry, care
must be taken to avoid thermal runaway and thus damage to the sample.
Perre and Turner [16] considered the microwave drying of softwood in an
oversized waveguide. A comparison between experimental and theoretical results was presented. A complete model was developed, which used an existing
2-D heat and mass transfer package to describe the drying process, coupled
with a 3-D solution of Maxwell's equations within the waveguide using the
finite-difference time-domain (FD-TD) method. The spatial variation of the
power density, moisture, temperature and pressure within the material at
various drying times and the effect of the anisotropy of the transfer properties on the shape and evolution of the power distribution were investigated.
The prediction of the location of hot spots and thermal runaway within the
sample from the viewpoint of product quality was also examined.

Zhao and Turner [17] investigated the microwave heating of a lossy material located inside a cavity by the FD-TD method. The validity of certain
traditional assumptions in the numerical scheme were examined, namely the
assumption of a single mode in the cavity and the usual averaging of the
dielectric properties across an interface. New modelling techniques were developed and compared with the traditional assumptions and shown to be
more accurate.
Fu and Metaxas [18] considered the microwave heating of a dielectric
material inside a multi-mode cavity. Maxwell's electromagnetic equations
were coupled the heat transfer equation in three-dimensional space and numerically solved by the method of lines. A new procedure was estabHshed
to impose boundary conditions at the power entry port.

Changes to the

standard finite-difference expressions are made to allow for the presence of
dielectric interfaces, and the convergence criteria were derived and tested.
Coleman [19] investigated the microwave heating of a frozen half-space.
The Lambert law was used as the source term in the forced heat equation.
The model, based on the classical Stefan condition, was found to exhibit superheating, so an alternative approach, based on the enthalpy formulation,
was considered. The superheated region was replaced by a "mushy" zone,
which has a behavior that is sensitive to all parameters and any supplementary conventional heating. For a nonzero thermal diffusivity the mushy

zone collapses after a finite time. Furthermore, for a suitable combination
of conventional and microwave heating, the mushy zone can be completely
eliminated.
Ayappa [20] has developed a two-dimensional finite element model to
predict the temperature rise in rod-like samples exposed to a plane wave. The
power absorbed by the object and temperature distributions are obtained by
simultaneously solving Maxwell's equations in the frequency domain with the
transient heat equation. Dielectric properties are assumed to be temperaturedependent, and the heating of rods with circular and square cross-sections
are compared. Influence of the sample size and incident wave polarizations
on absorbed power and temperature patterns were illustrated.
Zhu et. al. [21] considered various versions of the one and two-dimensional
forced heat equation as models for microwave joining and welding. For these
models exact steady-state solutions do not exist, however approximate governing equations were found using a method developed by Frank-Kamenetskii
in the study of chemical reactions. This allows approximate conditions for
thermal runaway to be developed, which were found to be very close to the
numerical results.
Kriegsmann et. al. [22] considered a semi-infinite material with temperaturedependent electrical conductivity and constant magnetic permeability and
electrical permittivity. The electrical conductivity was assumed small and a

perturbation solution found as a series in the low conductivity. Because a
radiative boundary condition is used, heat can escape from the material and
hence steady-state solutions occur. For this model there is one steady-state
temperature profile for each power level so thermal runaway does not occur.
Kriegsmann [23] derived a steady-state solution for a finite one-dimensional
slab by expanding the temperature and electric-field amplitude as a perturbation series in the small Biot-number. As the heat-loss through the boundaries is small, the temperature profile was found to be uniform in this limit.
This result the forced heat equation can be integrated over the slab to give
an equation describing the relationship between the steady-state power and
temperature. The temperature versus power curve is an S-shaped curve implying thermal runaway occurs at a critical power level as the solution jumps
to a stable high temperature solution. As the electric-field amplitude and
the temperature are coupled, the thermal runaway is stabilised at a new hot
steady-state because the increased temperature causes decay of the electricfield amplitude in the slab which in turn limits the heat absorption.

The

results obtained contain those of the thin slab and thick slab as limiting
cases.
In a related study Kriegsmann [24] derives an nonlinear amplitude equation which describes the time evolution of the material's temperature in the
small Biot-number limit. Depending on the initial conditions, such as the in-

cident microwave power, the system either evolves to the lower (cool) branch
of the S-shaped curve mentioned above or to the upper (hot) branch.
Marchant and Kriegsmann [25] considered the forced heat equation and
a steady-state version of Maxwell's equations together with boundary conditions appropriate for a one-dimensional slab. The Rayleigh-Ritz method was
used to develop approximate analytical expressions for the temperature and
electric-field amplitude together with an ordinary differential equation describing the evolution of the temperature to the steady-state. At the steadystate the temperature versus power relationship is S-shaped. Power-law and
exponential temperature dependencies were considered for the electric conductivity (which is assumed small) and thermal absorptivity. Examples were
presented in both the small and large Biot-number limits with a good comparison obtained between the approximate analytical solutions and the numerical solutions.
In this thesis the steady-state heating of one and two-dimensional slabs
by microwave radiation is considered with the temperature dependency of
the electrical conductivity and thermal absorptivity governed by the Arrhenius law.

In chapter 2 the governing equations for both the one and

two-dimensional slabs are derived. These are steady-state versions of the
forced heat equation, which describes the absorption and diffusion of heat
and Maxwell's equations, which describes the electric-field amplitude in the

slab. In the case of the one-dimensional slab an incident plane wave is assumed, with reflection and transmission of the microwave radiation at the
interfaces. For the two-dimensional case the slab is assumed to lie inside
a long rectangular waveguide, hence an appropriate waveguide mode is assumed as the incident radiation. In chapter 3 the method of Marchant and
Kriegsmann [25] is used to develop approximate expressions for the steadystate temperature and electric-field amplitude in the one -dimensional slab.
In order to develop these approximate analytical solutions the Arrhenius law
is approximated by a rational-cubic function. This approximation is done
by the method of least-squares and is discussed in §3.1. Examples are presented in the limits of small and large heat-loss and for an intermediate case,
which involves radiative heat-loss. The approximate analytical solutions of
chapter 3 are compared with numerical solutions of the governing equations.
In chapter 4, the method of chapter 3 is extended to the two-dimensional
slab. As in the one-dimensional case, examples are presented in limits of
small and large heat-loss and for an intermediate case. Comparisons with
numerical solutions are again made. The numerical scheme for solving the
governing equations is described in chapter 5. The spatial derivatives are
approximated by centered finite differences and an iterative method is used
to find the steady-state solution.

2 Governing equations
The full problem of microwave heating of a material involves solving Maxwell's
equations, which govern the propagation of the microwave radiation through
the material, and the forced heat equation, which governs the absorption and
diffusion of heat by the material. Maxwell's equations of electromagnetism
are given by Portis[22, p3Sl-384 as
V • D = V • (eE) = p, V . B = V • (/iH) = 0,
V

X

E=

V X H = l ( e E ) + aE,

(2.1)

based on the assumption that the material is homogeneous, isotropic and
Ohmic, so that the current J and the displacement current D are both proportional to the electric field E and the magnetic flux density B is proportional to the magnetic field strength H. Here cr is the electrical conductivity,
e is the electrical permittivity and ß is the magnetic permeability. In general
all the material properties are temperature dependent.
Maxwell's equations are coupled with the forced heat equation
(2.2)

where v is the thermal diffusivity and 7 is the thermal absorptivity. It is
assumed that the thermal diffusivity is constant and the thermal absorptivity
is temperature dependent. The thermal absorption depends on the square
of the electric-field ampHtude, based on the assumption that the heating
13
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occurs on a length scale much greater than a microwave-length, so that in
(2.2) the absorption of heat is averaged over a wavelength.

Alternatively,

(2.2) can be obtained by assuming that the time taken for heat to diffuse a
microwave-length is much greater than the period of the microwave radiation
(see Kriegsmann et. al. [22]).
At the boundaries both convective and radiative heat loss occurs,
V r • n 4- B,{T - Ti) +

- T.) = 0,

(2.3)

where Bi is the Blot-number, a measure of the relative effect of convective
heat loss compared to conduction, and S is the radiation-number, a measure
of the relative effect of radiative heat-loss compared to conduction, n is the
normal to the boundary and T,- is the ambient temperature. In the small
heat-loss limit (5,-, 5 —> 0) a zero heat-flux boundary condition is obtained,
while in the large heat-loss limit ( 5 , , S —> oo) a fixed-temperature boundary
condition is obtained. The thermally insulated boundary condition is a good
approximation for dielectric materials as the Biot and radiation numbers are
small (for example,

S ^ 10"'^ for ceramics, see Kriegsmann [24]).

The boundary conditions for the electric and magnetic-fields at the interfaces with free space are
( E - E / ) x n = 0,

( H - H / ) x n = 0,

(2.4)

where E / and H / are the electric arid magnetic fields incident upon the
material. Note that the first of (2.4) comes from the third of (2.1) and the

second of (2.4) comes from the last of (2.1) assuming that no current flows
on the surface of the dielectric. On the surface of the waveguide
E

X

n = 0,

(2.5)

as there is no electric-field in a conductor.

2.1

The one-dimensional slab

For one-dimensional microwave heating, with a plane wave propagating in
the slab, it can be assumed that the electric field is in the y-direction and the
magnetic field is in the z-direction, so that the electric and magnetic fields
are functions of the spatial co-ordinate x and time t only,
E = E{x,t)i,

H = //(x,Ok,

(2.6)

If the net free charge p is zero, then substituting (2.6) into (2.1), gives
Maxwell's equations as

=

=

(2.7)

Where E and H are defined by (2.6). The temperature is also a function of
the spatial co-ordinate x only, hence (2.2) reduces to
T, = u T , , + f i l m ' ,

(2.8)

It can be assumed that the time scale for electromagnetic propagation is
much smaller than the time scale for thermal diffusion. Hence the electric

and magnetic fields can be written as amplitude terms modulated by the
frequency
E{x, t) =

(2.9)

H{x, t) =

As the time scale for electromagnetic propagation is much smaller than that
for thermal diffusion the time derivatives of the electric and magnetic field
amplitudes, U and V, and of the electrical conductivity can be ignored.
Substituted (2.9) into (2.7) gives
+

+—)U = 0
Lût

(2.10)

where the wavenumber ki = ujc^ with c being the speed of the radiation
in the material. Equation (2.10) governs the steady-state electric-field amplitude. The equation (2.10) is also obtained for temperature-dependent
electrical permittivity; the later analysis is simplified however by the assumption of constant electrical permittivity. In general U and V depend on
the slow thermal time scale via the temperature dependence of the electrical
conductivity; in this analysis however only the steady-state is considered.
Initially, no microwave radiation is present in the material. Radiation of
amplitude E{, frequency cj and wavenumber k in free space is incident upon
the leading edge of the slab at x = - / . A portion of the radiation with
amplitude r is reflected at the slab's leading edge while the remainder of the
radiation is transmitted into the material. At the traiHng edge of the slab,
X = /, a portion of the radiation with amplitude p is transmitted into the

free space with the remainder reflected back into the slab. So the microwave
radiation, which propagates in the free space on either side of the slab, has
the form
H=

_

E=

^<
H=

(2.11)
x > /,

where r and p are the reflection and transmission coefficients respectively.
Hence the boundary condition (2.4) gives
Uri-ikU = 2iE,k,

x = -/,

Ur-ikU = Q, x = / ,

(2.12)

where k = ujjcQ. The parameters k and Cq are the wavenumber and the
velocity of the radiation in free space respectively. Note that the third of
(2.1) is used to relate E and H.
The steady-state amplitude equation (2.10), the forced heat equation
(2.8) and the boundary conditions for the temperature and electric-field amplitude (2.3) and (2.12) are non-dimensionahsed by the scalings
i =_

X

E=-,

H

T=--l,

(2.13)

where 21 is the length of the slab, Ei and H^ are the amplitudes of the incident
electric and magnetic fields, z/ is the thermal diffusivity and Ti is the ambient
temperature. The non-dimensionalisation results in the scaled frequency,
thermal absorptivity, electrical conductivity and wavenumbers having the

forms
/
up
CÜ = —,
V

,
PEf'y
7 =
vTi

/
(T
(7 = —,
(jjt

,,

, ,
k, = hi,

,/
k = kl

2.14

T h e steady-state governing equations and the boundary conditions for
the electric-field amplitude and the temperature can then be written (after
dropping the primes) as

U,, + k¡{l + ia)U = 0,

-f

Ur + ikU = 2ik,

U^-ikU

x = -l,

T r ± B i T ± S { { T + i y - l ) = 0,
where

a = a/(T),

7 =

= 0,

= Q,

x = 1,

(2.15)

x = ±l,

í3f{T).

T h e thermal absorptivity and the electrical conductivity have the same temperature dependency / ( T ) , chosen to be the Arrhenius law. This is discussed
in section 3.1.

2.2

The two-dimensional slab

T h e microwave heating of a two-dimensional slab is considered inside a long
rectangular waveguide. A tranverse electric (TE) waveguide mode is considered. It can then be assumed that the electric field is in the z-direction and
the magenetic field is in the x and y-directions,

E = E i x , y, ¿)k,

H = Hi{x, y,

+

y, Oj-

(2.16)

If the net free charge p is zero, then substituting the form (2.16) into the
Maxwell's equations (2.1) gives
dE
dy~
dH2

dHi
^ dt'
dHi

dE

dHi
dt'
„

a.

(2.17)

As in the one-dimensional case, the electric and magnetic fields can be written
as steady-state amplitudes modulated by the frequency
E =

H = (Vi(x,2/)i -f

(2.1S)

which when substituted into (2.17) gives

as the governing equation for the steady-state electric-field ampHtude in the
two-dimensional slab. Note that the non-dimensionahsations (2.13) are used
throughout. It is coupled with the steady-state two-dimensional forced heat
equation
+

+

=

(2.20)

A finite two-dimensional slab of non-dimensional length 2 and width 2m
is considered. It is assumed that the waveguide has width 2m so that the
slab completely fills the cross-section of the waveguide. Given the assumed
form (2.16) of the electric and magnetic fields the waveguide propagates the

TEio mode, which has the form

=

where kr = yjk'^ —

k >

(2.21)

For the microwaves to propagate in the waveguide

the cut-ofF wavenumber. Note that the

TEIQ

waveguide mode is the

usual choice for single-mode commercial waveguides.

Using the boundary

conditions (2.4) and (2.5) and assuming reflection and transmission of the
microwave radiation at the leading and trailing edges of the slab, as in the
one-dimensional case, gives

UJ: -f ikrU = 2ikr COs(^),
U,-ikrU
U = 0,

= 0,
at

y =

X= -1

a: = + l

(2-22)

±m.

T h e steady-state two-dimensional governing equations and boundary conditions then become

+
where

=
a = af{T),

(2.23)
7 = ^/(T).

subject to the boundary conditions
U^ + ikrU = 2ikr cos(^), a: = - 1 ,
Ur - iKU = 0, X = 1,
= 0, y = ±m,
T^ ± B{r ± S{{T + 1)-' - 1) = 0, X = ±1,
Ty ± B,T ± S{{T + 1)-^ - 1) = 0, y = ±m.

(2.24)

3

Approximate steady-state solutions for the
one-dimensional slab

In this chapter the work of Marchant and Liu [28] (1997) is presented. Approximate analytical solutions are developed for the steady-state temperature
and the electric-field amplitude of a one-dimensional slab. The approximate
analytical solutions in the slab are found using the Galerkin method. At the
steady-state, the temperature versus power relationship is found while the
boundary conditions take into account both convective and radiative heat
loss. The power versus temperature relationship is described by an S-shaped
curve, which shows that thermal runaway occurs at a critical power level as
the solution jumps from the lower (cool) branch to the upper (hot) branch.
The temperature profile and the electric-field amphtude are also found. The
approximate analytical solutions are compared with numerical solutions in
the limits of small and large heat-loss and also for an intermediate case involving radiative heat-loss. The comparisons between the approximate analytical
solutions and the numerical solutions are excellent.
In the small heat-loss limit, Kriegsmann [24] found that the temperature
profile in the slab to lowest-order was uniform, hence the steady-state amplitude equation can be solved exactly. The temperature versus power relationship is found at the steady-state, by integrating the forced heat equation

over the slab, which is described by an S-shaped curve. In this chapter, by
assuming basis functions, for the temperature and electric-field amplitude,
the method is generalised to arbitrary Biot and radiation numbers. The basis functions satisfy the boundary conditions and the parameters associated
with the trial solutions are found by applying the Galerkin method.

3.1

The Arrhenius law and its approximation

In this thesis, the Arrhenius law is used as the temperature dependency for
both the thermal absorptivity and electrical conductivity. This law is physically motivated from statistical mechanics and is bounded as the temperature
becomes large. The Arrhenius law has the form

(3.1)

where ori,

and 71 are all parameters. At the ambient temperature, the

Arrhenius law /(O) = QI. As the temperature becomes large, T —> oc, then
/(T)

-f /?i. The Arrhenius law is not amenable for analytical work,

so a rational-cubic function is chosen to approximate it. In the case of the
microwave welding of a one-dimensional slab, Marchant [27] showed that
a rational-cubic function was an extremely accurate approximation to the
Arrhenius law. A rational-cubic function is chosen of the form
f{T)

=

where

R,{T) = ¿

¿ = 1,2,

(3.2)

where the parameters
riQ = ai, r2o = 1, r ^ = (ai +

(3.3)

are chosen for the rational-cubic function so it is the same as the Arrhenius
law (3.2) in the hmits of small and large temperature.
In order to obtain a good fit between the rational-cubic function and
Arrhenius law over the whole temperature range, the remaining parameters
are chosen by the least squares method. The sum of the squares
5 =

T. = iTo,

(3.4)

over the temperature range T 6 [0, To] is considered. The sum S is minimised
if the r,j are chosen to satisfy
ds
= 0.
dvij

(3.5)

Note that (3.5) represents five nonlinear algebraic equations for the undetermined parameters. In the subsequent sections the Arrhenius law (2.6) is
considered with the parameters
=

A =20.

(3.6)

The equations (3.5) are solved using the IMSL routine, dnegnf, which gives
the parameters as
m = 5.469,

ri2 = -43.34,

r2i = 2.534,

r22 = 8.255,

r23 = 10.71.
(3.7)

f(T)

Figure 1: f(T) versus temperature T. Comparison
(—) and the rational cubic function (• - • ).

between the Arrhenius law

The parameters (3.7) were found with TQ = 10 and n = 2 x 10^ in (3.4).
The average deviation between the Arrhenius law (3.1) and the rationalcubic function (3.2) at each point in the sum is

= 0.013. Figures 1 and

2 show the temperature dependency f(T) versus the temperature T. Shown
is the rational cubic function (3.2) with parameters (3.3) and (3.6) (

)

and the Arrhenius law (3.1) with parameters (3.7) (—). Figure 1 shows the
comparison for up to T = 20. It shows no variation, to graphical accuracy,
between the rational-cubic function and the Arrhenius law. Figure 2 shows
the comparison between the rational-cubic function and Arrhenius law at low
temperatures. The error is very small and reaches a maximum of 4% near
T = 0.
Besides the Arrhenius law, other forms of temperature dependency are
valid for some materials. Hill and Jennings [8] analysed the experimental data
collected for various materials and found various simple analytical forms for
f{T).

They found that, in general, the thermal absorptivity increases with

temperature. However, it can alse decrease with temperature over a limited
temperature range. In particular, they found linear, quadratic and exponential dependencies, of the form ae^^ and

, are valid for many mate-

rials. Like the Arrhenius law, the exponential dependencies are not amenable
to analysis and would need to be approximated by a polynomial function.
Hill and Jennings [8] showed to get a good fit to the various exponential

f(T)

1

Figure 2: f(T) versus T. Comparison between the Arrhenius law (—) and the
rational-cubic function for low temperatures(• • •).

dependencies that a quintic function needs to be used. The approximate
method developed here would be able to deal with quintic functions quite
easily; the resulting expressions will just be longer and more complicated.
The rational-cubic approximation for the Arrhenius law is valid for all temperatures, while a polynomial approximation to an exponential dependency
can only be valid over a finite temperature range. However, as long as the
polynomial approximation is valid for the temperature range over which thermal runaway occurs, the approximate analytical solutions can be expected
to be accurate.

3.2

The approximate solutions

The governing equations (2.15) are written in the form

(3.8)

U,rR2{T) + kHR2{T) + iaR^{T))U = 0,
where the Arrhenius law (3.1) has been approximated by the rational-cubic
function (3.2). In addition both equations have been multiplied by the denominator of the rational-cubic function so that analytically amenable expressions are eventually obtained.
Generally, the Galerkin method requires that the exact solution be approximated by a sum of orthogonal basis functions. The parameters associated with the basis functions are found by evaluating averaged versions of

the governing equations, weighted by the basis functions themselves. Here
the simplest application of the method is used, with both the electric-field
amplitude and the temperature each represented by one basis function only.
The approximate solutions have the form
T(x) = C ^ i ( x ) ,

U[x) = <i>2{x,a),

(3.9)

where C and a are parameters to be determined. The basis functions (3.9)
for the temperature and the electric-field amplitude will be chosen to satisfy
the boundary conditions (2.15) exactly, but will satisfy averaged versions of
the governing equations

j\^2{<i>2.rR2{C<f>l) + k M C M

(3.10)

+ÌQRi{C(!>i))<?2)dx = 0,
where the integrals are weighted by Ui and a;2, normally chosen as the basis
functions (f)i and (¡>2 respectively.
To find a suitable basis function for the temperature the time-dependent
unforced heat equation ((2.8) with 7 = 0 and i/ = I) subject to a convective
heat-loss boundary condition ((2.15) with 5 = 0) is considered. This has the
solution
T{x,t)

,

=

I

I

I

Bi = Altan(Al),

(3.11)

n=l

where the coefficients a„ are determined from the initial temperature profile. The solution describes the decay from the initial profile to the ambient

temperature as heat is convected away through the boundaries. Hence

=

(3.12)

is chosen as the basis function for the temperature. The temperature profile
(3.9) is symmetric with a maximum C at the slab's centre. This approximate
solution will be valid when the thermal absorption is fairly small, which
generally means the lower (cooler) branch of the S-shaped curve.
If no radiative heat-loss occurs then A corresponds to the smallest eigenvalue of (3.11), so the basis function is valid at long time as it decays more
slowly than the other eigenfunctions. If the radiative heat-loss is finite then
the boundary condition (2.15) gives

Bi = Ai tan Ai -

cos^ Ai +

cos^ Aj -f 6C cos Ai -f 4),

(3.13)

where Ai = A2, as a transcendental equation for A. The heat-loss parameter
A is a measure of the combined convective and radiative heat-loss.
parameter A varies from zero, in the limit of no heat-loss, to

The

in the large

heat-loss limit. When no radiative heat-loss occurs the heat-loss parameter A
is fixed, but when the radiation-number is finite A varies as the temperature
C changes.

The basis function for the electric-field amphtude is chosen as
(j)2{x)

= A(a)cosh(ax) +

B { a ) s m h { a x ) ,

(3.14)

A{a) = —zA:[asinh(a) — cosh(a)]~\
B{a) = ¿^'[acosh(a) — ¿^sinh(a)]~^

where the constants A and B are found from the boundary condition (2.12).
This form of basis function is chosen since it represents the solution of the
first of (2.15) in the special case of constant electrical conductivity, in which
case the decay rate
a = ilciil+iay^.

(3.15)

For the general case when the electrical conductivity is temperature dependent, the decay rate a is found from the averaged amplitude equation (the
second of (3.10)), using the weight lj2 - p j ^ This gives the decay rate as
a{C)

=

ik,

1

i a

i i - i R i { C < P i ) d x \

/J

'

=

U

\ ! l , R 2 { C < t > i ) d x

IV.

(3.16)

Substituting for the basis function (3.12) in (3.16) gives
a{C)

=

i k i { l

+ ¿a/i/72)2, where
2Ai

Ai
2Ai

'

(3.17)

6Ai

This choice of weight is unusual, however, it is chosen because it gives
a simple explicit expression for the decay rate a. The more usual weight
a;2 = (f>2, gives an impHcit relationship for a which, together with (3.18),
31

-0.015 -

-0.03 -

-0.045

Figure 3: real part of decay rate u, versus temperature C
to be solved numerically for a and C. Figures 3 and 4 show the real and
imaginary parts of the decay rate, u and v, versus C. Shown are u and v
for UJ2 = <f>2^ (—) and uj2 = (p2 {' ' ') with the parameters k = ki = Ì and
a = 5 X 10"^ in the large heat-loss limit. These show that there is only a
small variation, of up to 3% in the case of the real part u and up to 0.3% for
the imaginary part v between these two choices of weights. Hence the choice
UJ2 = <1)2^ is prefered as it gives the explicit expression (3.17). Note that the
choice of weight makes no difference to the decay rate in the small heat-loss
limit.
Using the weight oji = (j)^ in the averaged forced heat equation (the first

1.02

V

1

Figure 4: imaginary part of decay rate v, versus temperature

C

of (3.10)) leads to the transcendental equation
ß=

,

where

9i
(3.1S)

92(0,a)

= f^c¡>\R2[C<i>,)dx.

T h e parameter ß is the ratio of the steady-state power absorbed by the material to the heat lost at the boundaries due to convection and radiation.
Since 7 has been scaled by the square of the incident electric-field amplitude,
Ef^ (see (2.8)) the parameter ß is proportional to the incident power. Hence
the expression (3.18) gives the dimensionless power as a function of the temperature C. The expression (3.18) is simply referred to as the temperature

versus power ( C versus

curve.

In order to facilitate the calculation of the integral gi in (3.18) the square
of the electric-field amplitude is written as follows
(f>2^ = cLi cosh(2wx) -f 6i cos(2z;x),

where

2ai = /1.4 + BB, 2bi = AA - BB.
T h e new parameters Gi and 6i are both real. The terms u and v are the
real and imaginary parts of the decay rate a. Also note that the expression
(3.19) contains only the symmetric terms of |<i>2p as the nonsymmetric terms
integrate to zero in (3.IS). Substituting the basis functions (3.12) and (3.14)
into (3.18) gives the integral gi as
=

+

b.v' sm{2v))

sinh(2i/) +

cos(Ai) sinh(2i/) + 2Ai sin(Ai) cosh(2u))
sinh(2u) cos(2Ai) + Ai sin(2Ai) cosh(2u))
j_T

(riiC+ri3C^)/sm(2Ai-2u)
2

, L

m C ^
4

V

/sin(3Ai-2v)
V

,

sin(2Ai-f-2v) \

2Ai-2v
,

3Ai-2u

2Ai+2u

)

sin(3Ai+2v)\
3Ai+2u

/

cos(3Ai) + 3Ai sin(3Ai) cosh(2u))
sinh(2u) cos(4Ai) + 2Ai sin(4Ai) cosh(2u))
I A

m ^ r E E i l A l z M

J_

sin(4Ai+2v)x

(Q
V

2 0 )
•

/

and the integral

as

92 =

+

+(r2o +

+ (6r2iC +

+

SrsaC^)^^^

(3-21)

+

If the temperature maximum C is given then the decay rate a can be
found from (3.17) and the heat-loss parameter A can be found from (3.13).
In general, when radiative heat-loss occurs, (3.13) must be solved numerically
(for example, by Newton's method) for A. When the decay rate has been
determined the coefficients /i(û) and B{a) in (3.14) and the parameters ai, 6i,
u and V from (3.19) can all be calculated. Lastly, the integrals gi and g2 are
calculated from (3.20) and (3.21) and hence the power /? can be determined
from (3.18).

3.3

Results and discussion

The expressions for a, gi and §2 simplify in the small and large heat-loss
limits. In the limit of small heat-loss,
Bi + S{C^ + i C ^ + 6C + i )

as

(3.22)

In this limit the integrals a, gi and g2 become

g^ = R i { C ) { a ^ u - ' sinh(2w) + ¿it;"^ sin(2z;)),
92 =

2i?2(C').

(3.23)

Figure 5: temperature

C versus power ¡3/\; the small heat-loss

limit

T h e steady-state temperature versus power relationship in the small heatloss limit, (3.IS) with G,

and g2 given by (3.23), is the same as that found

using the theory of Kriegsmann [23 .
Figure 5 shows the steady-state temperature versus power curve {C versus
13/X) in the limit of small Biot-number and no radiative heat-loss.
parameters are Bi = 0.1, S = 0, k = ki = l, a = 5x

The

10"^ and Ax =

1 X 10"^. Shown are the results by small Biot-number theory, (3.18) with
a, gi and g2 given by (3.23) (—), and the numerical solution (•••)•

The

comparsion between the numerical and theoretical results is excellent, with
only a small variation, of up to 6% at /?/A = 0.3, on the upper (hot) solution

branch.

No numerical results are available for the second branch (where

dCId^ < 0) as this region of the solution is unstable. As the heat-loss is
small the temperature profile is nearly uniform. The approximate analytical
solution is exact in this hmit. As A —> 0 the temperature profile becomes
uniform, T = cos(A?x) —> C, and the decay rate (3.23) is exact because of
the uniform temperature.
In the limit of large heat-loss,
2
A= —

as

B,, 5

cc.

(3.24)

In this limit the decay rate a is
a = iki ( 1 -{- iaJi / J2 ) ^ 1
Ji = 2r,o +

where

(3.25)

+ r,2C' -f —
STT

TT

,

z = 1,2,

while the integrals gi and §2 become
=

sinh(2u) -f- b^v' sm{2v))

+(4rio +
-{rnC

+

cosh(2iz) -f ^

+ r^,C'){^2usmh{2u)

'-^{^usmh{2u)

^ - ro. -I- ^ ^ -I92 - ^20 -r 37r ^

cos(2^))

^2vsm{2v))

(3-26)

^sin(2t;)),

4

-

^

4^

ISTT '

Figure 6 shows the steady-state temperature versus power curve ( C versus
P) in the large heat-loss Hmit. The parameters are A: =

= 1, a = 5 x 10"^

and A x = 1 X 10"^. Shown are the results by large heat-loss theory, (3.18)

c

Figure 6: temperature C versus power /3; the large heat-loss

limit

with G, gi and g2 given by (3.25) and (3.26) (—), and the numerical solution
(• • •). On the lower (cool) branch the theory and the numerical solution
are the same to graphical accuracy with the critical /? at which the solution
jumps to the upper (hot) branch, and hence undergoes thermal runaway, accurately predicted by the theory. On the upper (hot) branch the comparison
is still good with a variation, of up to 9% at

= 0.7. This discrepency is due

to the form of the basis functions being less realistic at high temperatures.
For example, the basis function for the electric-field amplitude assumes an
uniform temperature in the slab, which is less valid as the temperature increases. Moreover, the assumed symmetry of the temperature profile breaks

0-25

015 -

O Oo -

Figure 7: temperature

profile in the slab; /? = 0.4

down. The increased electrical conductivity causes decay of the electric-field
amplitude in the slab. As the amplitude of the microwave radiation which
penetrates into the centre of the slab is reduced, there is less heat absorption
and consequently a non-symmetric temperature profile occurs.
Figures 7 and 8 show the temperature profile and the electric-field amplitude in the slab for the same parameters as Figure 3 with a power level
= 0.4. Shown are the results by large heat-loss theory, (3.12) and (3.14)
with a, gi and g2 given by (3.25) and (3.26) (—), and the numerical solution
(• • •). This power level corresponds to the lower (cool) solution branch just
before thermal runaway occurs. As the decay of the electric-field amplitude

1-002

U 0-998 -

0-99G -

0-994
- 1

•0-5

Figure 8: electric-field

0-5

amplitude in the slab; ¡3 = 0.4

is small (around 0.5%) heat is absorbed fairly evenly across the slab resulting
in a symmetric temperature profile. Consequently the comparison between
the theoretical results and the numerical solutions are excellent with the
maximum temperature varying by no more than 3%. Also, the temperature
is fairly uniform in the slab (as C ^ 0.2 is small) so the electric-field amplitude, as predicted by the approximate theory, is very close to the numerical
solution.
Figure 9 shows the steady-state temperature versus power curve ( C versus
13/Bi) for small Biot and radiation numbers. T h e parameters are B- = S =
0.1, k = ki = I, oc = 5 X 10"^ and Ax

= 1 x lO'^.

Shown are the data

c
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Figure 9: temperature C versus power P/Bi; moderate heat-loss
by the theory, (3.18) with a,

and g2 given by (3.17), (3.20) and (3.21)

(—), and the numerical solution (• • •). In this case only the lower (cool)
solution branch can be described using the small heat-loss theory (3.23).
This occurs because the radiative heat-loss increases nonlinearly as the power,
and hence the temperature C, increases. The analytical solutions and the
numerical solutions differ by no more than 1% (at ^¡Bi = 1.6) on both
solution branches.
Figure 10 shows the heat-loss parameter versus power (A versus PjBi)
for the same parameters as Figure 9. Shown are the data by the theory,
(3.13) with a, gi and g2 given by (3.17), (3.20) and (3.21) (—), and the

Figure 10: heat loss A versus power P/Bi; moderate

heai-loss

numerical solution (• • •). As the Biot and radiation numbers are small the
lower (cool) solution branch corresponds to the small heat-loss case, with
A given approximately by (3.22). However as the temperature C increases
the radiative heat-loss also increases and the expression (3.13) must be used
to calculate A. As the power (and the temperature C) increase further the
large heat-loss limit, A

is approached on the upper (hot) solution

branch, where the analytical and numerical solutions vary, by up to 9% at
PIBi = 1.6.

C

1.5 -

Figure 11: temperature C versus decay rate a

3.4

Validity of the approximate solutions

The basis functions for the temperature and the electric-field amplitude are
valid in the limit of low thermal absorptivity and uniform temperature respectively. These assumptions are true in the small heat-loss limit as the
temperature profile is nearly uniform, and the thermal absorptivity is small
(small heat-loss implies small thermal absorptivity at the steady-state). Consequently, the approximate analytical solutions are very accurate in this case
(see Figure 5).
Figure 11 shows the steady-state temperature versus decay rate (C versus
a) for the large heat-loss limit. The parameters are k = ki = 1, Ax = 1 x 10"^

for ¡3 = 0.15,0.3 and 0.6. Shown are the data by the approximate theory,
(3.18) with a, gi and g2 given by (3.25) and (3.26) (—), and the numerical
solution ( . . .).For a given value of the decay rate a the temperature increases
as the power

increcises.

Hence ¡3 = 0.15 is the lowest curve and P =

0.6 is the highest curve in the graph. As the decay rate ct increases lower
slab temperatures are obtained. This is because the elect ri c-field amplitude
decays more quickly in the material limiting the total energy which can be
absorbed.

For the lowest power level [¡5 = 0.15) the temperature is very

small for all values of a as it remains on the lower (cool) branch of the Sshaped power versus temperature curve. For the larger values of the power
l3 however, the solution is on the upper branch for small a and on the lower
branch for large a .
The comparison between the theoretical and numerical results is excellent
at lower temperature levels, which generally corresponds to the lower branch
of the S-shaped curve.

When the decay rate a is large the approximate

theory remains accurate because the temperature C is small. As the slab's
temperature is nearly uniform in this limit the theoretical electrical-field
amplitude (3.15) is very close to the exact numerical value. The large decay
of the electric-field amplitude results in a non-symmetric temperature profile
though.

However, because C is small the approximate analytical solution

predicts a temperature maximum which is very accurate even though the

analysis assumes a symmetric temperature profile.
For smaller values of a and large values of P the solution lies on the upper
(hot) branch of the S-shaped curve. Even though the assumptions underlying
the approximate solution are no longer valid in this regime, the approximate
analytical solutions are still reasonably close to the numerical results.

4

Approximate steady-states solutions for the
two-dimensional slab

4.1

The approximate solutions

For a two-dimensional slab, the Galerkin method, as used in the one-dimensional
case, is extended to obtain approximate solutions. The steady-state twodimensional governing equations (2.23) can be written in the form
T M T ) + T,yR2{T) + m i m i U l ' = 0,
U r r R 2 { T ) +

U y y R 2 { T ) +

k . ^ R ^ i T ) +

(4.1)

i a R ^ { T ) ) U=

0.

where the Arrhenius law has been replaced by the rational-cubic function.
The approximate solutions have the following form
T { x , y ) =

C(Pi(x,t/),

U { x , y ) =

^2(^,2/,fl),

(4.2)

which will satisfy the averaged versions of the governing equations
•1I

rm

/
^ J
I

^ U J l { C < l > , M C < P l ) +

C<f>,yyR2{Cct>l)

(4.3)

rm

/- \•1- l 3 Rrmi { C < i > i ) \ c f > 2 f ) d y d x
-1

/

J-m

= 0,
' ^ 2 { h x x R 2 { C 4 > x ) + hyyR2{C<}>x)

+ k H R 2 { C ( t > i ) +

iaRi{C(t>i))(l>2)dydx =

0.

where the intergrals are weighted by uji and U2.
Generalising the one-dimensional case, the basis functions for the electric-

field amplitude and the temperature are chosen to have the form

^

(4.4)

y) - c o s ( ^ ) ( A ( a ) cosh(ax) + B[a) sinh(aa:)),
where A and B are given in (3.14). T h e heat-loss parameter satisfies (3.13)
with Ai = y/X^ while

B, = ^ tan(A2) -

qos\\2)

+ 4C' cos2(A2) + 60 cos(A2) + 4),
(4.5)

where

A2 = m ^ Â ^ ,

T h e basis function for the temperature is a direct generalisation of the basis
function (3.12) used for the one-dimensional case. The series solution of the
unforced heat equation has the form (4.4) in the two-dimensional case. The
basis function for the electric-field amplitude is the same as for the onedimensional case, modified to allow for the appropriate y-variation of the
T E i o waveguide mode. The decay rate a is found from the second of (4.3)
using the weight cj2 =

This gives the decay rate as

As in the one-dimensional case, this choice of weight is used because it gives
a simple explicit expression for the decay rate a. The difference between this
weight and the usually chosen weight of cj2 = (¡>2 is small. Substituting the

basis functions (4.4) into (4.6) gives
TT^

^
li

=

I

= [ t t +
where
4771-^
12
,
. 4r,iCsin(Ai)sin(A2)

imno

•(1 +

+

r^^^

^

A1A2

+

ri2C^{m

+

sin(2A2),
2A2

+ r,3C3^(sin(A2) - ^ ) ( s i n ( A O

(47)

-

¿ = 1,2
while using the weight uJi = <l>i in the first of (4.3) leads to
¡5 =

where

A = A;c + Ay = Aj2 H
•1

rm

m'

gi

=

I J % i R i { C < i > i ) \ < f > 2 \ ' ' d y d x ,

92

=

/'
J-\

r

J-m

(4.8)

' i ' l ^ M C M d y d x

as the power versus temperature curve. The square of the electric-field amplitude is written as
IM^ = c o s 2 ( ^ ) ( g i cosh(2ua:) -f 61 cos(2i;x)),

(4.9)

which allows gi to be integrated. Substituting the basis functions (4.4) into

(4.8) gives the integral gi as

9i

=

n o s i n ( A 2 ) ( §

-

^ ) [ a i ^ ( 4 u c o s ( A 0 s i n h ( 2 u )

+2Ai sin(Ai) cosh(2iz)) +
+ r n C [ f + isin(2A2)(^

+
-

. u cos(2Ai) sinh(2u)-i-Ai sm(2Ai) cosh(2u) x , , /sin(2v) , sm(2Ai+2u) , sin(2Ai-2t;)N
^ U 2u
4Ai+4i;
4A,-4y )
-

+ f sin(A,)(§

-

c o s ( A I ) Sinh(2IZ) + 2AI s i n ( A I ) cosh(2TI))
{Au c o s ( 3 A I ) s i n h ( 2 U ) + 6 A 1 s i n ( 3 A I ) c o s h ( 2 I / ) ) +

• sin(Ai-2t;)\ ,
Ai-2u

+
¡b^C^^^^

/ sin(3Ai+2t;) , sin(3Ai-2i;) m
3A,+2v +
3Ai-2u )i

4. sin(2A2)/ m _ _4Aim_\ , sin(4A2)/ m
leXzm xi
i - n s O [ g -f
^ ^^^
32 IAT ~ 16Af-^2)J
• a i ( | ^ s i n h ( 2 u ) + ^ ^ ; ; i : ^ ( 2 u c o s ( 2 A i ) s i n h { 2 u ) + 2A1S
+

COS(4Ai) s i n h ( 2 U ) + 2AI s i n ( 4 A I ) c o s h ( 2 U ) ) )

, ; /3sin(2u) , sin(2Ai+2i;) , sin(2Ai-2u) , sin(4Ai-|-2v) , sin(4Ai-2v) m
U 8v
4Ai+4v
2Xi-2v
32Ai+16u + 32Ai-2u )•
(4.10)

and the integral

as

>2/m = r,o(l +

+^

+ ^ii^M)

+

+^

+

,
^3/5sin(A2) , 5sin(3A2) , sin(5A2) wSsinAi i 5sin(3Ai) , sin(5Ai) ^
-tr23^ K 4A2 1- 24A2
4OA2 A 4Ai
24Ai + 40Ai )'

(4.11)

Figure 12: temperature

4.2

C versus power /^/A^.; small

heat-loss

Results and discussion

The results in the small and large heat-loss limits are now considered. In the
limit of small heat-loss,
mXy =

B , + SiC^ +

+ 6C + 4)

as

B,, 5

0.

(4.12)

In this limit the integrals for G, gi, §2 becomes
a =

IT'
4m2

-k,\l+iaf{C))

gi = mRi{C){aiU-'^ sinh(2u) + ¿it;"^ sin(2i;)),

(4.13)

g2 = 4mi^2(C).
Figure 12 shows the steady-state temperature versus power curve in a twodimensional slab {C versus /^/A^) in the limit of small Biot-number and no

radiative heat-loss. T h e parameters are
=

= 0.1, 5 = 0, m = 1,

= ki = 2,

- £ 2 = 1.335, a = 5 X lO'^ and Ax = Ay = 0.1. Shown are the

results by small Biot-number theory, (4.S) with a, gi and

given by (4.13)

( — ) , and the numerical solution (• • •). T h e parameter m is chosen to be
unity hence the example represents a square slab. The comparison between
the numerical and theoretical results is excellent, with only a small variation,
of up to 6 % at I3/Xr = 1.2, on the upper (hot) solution branch. As the heatloss is small the temperature profile is nearly uniform. As X^.Xy —> 0 and
the temperature profile becomes uniform,

T =

c o s ( \ / A x x ) cos(\/Aj,7/)

—>

C,

and the decay rate (4.13) is exact because of the uniform temperature. So in
this limit, the heating of the two-dimensional slab is described by the theory
for the one-dimensional slab.

Note the similarity between (4.13) and the

equivalent one-dimensional expressions (3.23). The approximate analytical
solution is exact in this limit.
In the limit of large heat-loss

TT 2

A. = ( 2 ) %

y.

/

=

^

\2

00

(4.14)

In this limit the decay rate a is

a =

-K'
- ki{l
Am?

Ji = 4rio + ^

2q;Ji/J2)]S

+

+

where

¿ = 1,2,

(4.15)

C

2 -

Figure 13: temperature

C versus power ¡3; large

heat-loss

while the integral gi and §2 become
^ _ ^^
9i ,
,

8acosh(2u) ,
+
/'sinh(2u)

/-i232mf

co3(2t;) ^
"pTliUr-j

2usinhi2u)\ , i /sin(2u , V5inf2u)
) + » i l ^ ^ T + JPTsU?)]

/3TCOsh(2u)

3rcosh(2u) \ . l ^3Jcos(2ti)

SrcosfM*
(4.16)

= m(r,o + ^

+ ^

+

In all the following examples m = 1 hence a square slab is under consideration. Figure 13 shows the steady-state temperature versus power curve in
a two-dimensional slab (C versus
oo).

in the large heat-loss limit (5,-, 5

The parameters are k = ki = 2, m = 1,

= yP - ^

= 1.335,

a = 5 X 10"^ and Ax = Ay = 0.1. Shown are the results by large heat-loss
theory, (4.8) with a, gi and g2 given by (4.15) and (4.16) (—), and the numerical solution (•••). On the lower (cool) branch the comparison between
the theory and the numerical solution is excellent with the critical ß at which
the solution jumps to the upper (hot) branch, and hence undergoes thermal
runaway, accurately predicted by the theory. On the upper (hot) branch the
comparison is still quite good with a variation of up to 6%, at

= 1.6.

Figures 14 and 15 show both perspective and contour graphs of the slab
temperature with a power level ß = 0.9. Shown are the results by large
heat-loss theory, (4.8) with a, gi and §2 given by (4.15) and (4.16). The
parameters are the same as figure 13. This power level corresponds to the
lower (cool) solution branch just before thermal runaway occurs. Figure 14 is
the approximate analytical solution while figure 15 is the numerical solution.
The temperature difference between the contour levels of figure 14 is 0.0323
and the highest contour T = 0.162 near the centre of the slab. The position
of the contours in figure 15 is the same as that of figure 14 (to 3 d.p.)
with the temperature difference now 0.0326 and the highest contour with
T = 0.163. Due to the choice of basis function the approximate analytical
solution has an axisymmetric temperature peak [T ^ I -

+ V^)^ 2/ <

1). The temperature peak of the numerical solution is slightly elongated in
the y-direction however. This is due to the y-variation of the electric-field
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Figure 15: numerical solution: temperature T(x,y) in the large heat-loss limit

amplitude in the waveguide; there is a lower electric field amplitude near
the waveguide boundaries at j/ = ±m, hence less heat is deposited there.
As the decay of the electric-field amplitude is small (around 2%) heat is
absorbed fairly evenly along the slab resulting in a centred temperature peak.
Overall, the comparison between the approximate analytical and numerical
temperatures is excellent over the whole slab, with a variation of 1% at the
centre of the slab.
Figures 16 and 17 show both perspective and contour graphs of the
electric-field amplitude with a power level ^ = 0.9. Shown are the results
by large heat-loss theory, (4.S) with a, gi and g2 given by (4.15) and (4.16).
The parameters are the same as Figure 13. Figure 16 is the approximate
analytical solution while figure 17 is the numerical solution. For both figures the amplitude difference between contour levels is 0.166 and the highest
contour has U = 0.S2S near the centre of the slab. The approximate analytical and numerical electric-field amplitudes are the same to 3 d.p., hence the
approximate analytical solution is extremely accurate. This is because the
temperature is fairly uniform in the slab, as C ~ 0.2 is small.
Figures 18 and 19 show the temperature profile and electric-field amplitude of the centre slice, at y = 0, for the same parameters as Figure 13, with
a power level ¡3 = 0.9. Shown are results by large heat-loss theory (4.8) with
a, gi and g2 given by (4.15) and (4.16) (—), and the numerical solution (• • •).
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The comparison between the theoretical and numerical temperature profiles
is very good with the temperature variation at any point no more than 4%.
The numerical temperature is consistently larger than the theoretical cosine
profile. This is because more heat is absorbed along the centre line than
near the waveguide boundaries. As the temperature maximum is small, the
theoretical electric-field amplitude is very close to the numerical solution.
Figures 20 and 21 show both perspective and contour plots of the temperature. The parameters are the same as for Figure 13 except now a = 0.2.
Hence this example examines the effect of much larger decay of the electricfield amplitude. Shown are the results by large heat loss theory (4.8) with
G, gi and g2 given by (4.15) and (4.16). Figure 20 is the approximate analytical solution while figure 21 is the numerical solution. In figure 20 the
temperature difference between the contour levels is 0.0163 and the highest contour is T = 0.0813, near the centre of the slab. The temperature
difference between the contour levels of figure 21 is 0.0168 and the highest
contour is T = 0.0839, which is near the centre. In this case the numerical
solution shows that the temperature peak has moved from the centre of the
slab towards the leading edge (to x ^ -0.25). As the electric-field ampHtude
now decays significantly throughout the slab more of the heat is deposited
near the leading edge. Figures 22 and 23 shows both perspective and contour
plots of the electric-field amplitude. Shown are the results by large heat loss

theory (4.8) with a, gi and g2 given by (4.15) and (4.16). The parameters are
the same as those used in figure 20. Figure 22 is the approximate analytical
solution while figure 23 is the numerical solution. The contours of figure
22 and 23 have an amplitude difference of 0.169 and the highest contour is
U = 0.843, which is near the slab's centre. The comparison is excellent, with
less than 0.5% variation in amplitude over the whole slab. Figures 24 and
25 show the temperature profile and electric-field amplitude of the centre
slice, at 2/ = 0. The non-symmetry of the numerical profile is clearly seen,
however the maximum temperature C is predicted accurately, to within 3%,
by the symmetric approximate analytical solution. The comparison between
the approximate analytical and numerical electric-field amplitudes is exact
to graphical accuracy as the temperature maximum C is small.
Figure 26 shows the steady-state temperature versus power curve (C versus P) for small Biot and radiation numbers. The parameters are Bi = S =
0.1,

= A:i = 2, m = 1, kr =

-

= 1.335, a = 5 x lO'^ and

Ax = Ay = 0.1. Shown are the data by the theory, (4.8) with a, gi and
g2 given by (4.7), (4.10) and (4.11) (—), and the numerical solution (• • •).
In this case, the radiative heat loss increases nonlinearly as the temperature
increases hence only the lower (cool) branch can be described by the small
heat loss theory (4.13). The comparison is again excellent with the approximate analytical and the numerical solutions differing by no more than 2%,
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C

Figure 27: temperature

C versus decay rate a

at /? = 0.6.
Figure 27 shows the steady-state temperature versus decay rate (C versus
a) for the large heat-loss limit.

The parameters are k = ki = 2, Av =

yjk^ - £ 2 = 1.335, m = 1, Ax = At/ = 0.1 for

= 0.6, 1.2 and 1.6. Shown

are the data by the approximate theory, (4.8) with a,

and

given bv

(4.15) and (4.16) (—), and the numerical solution (• • •). As for the onedimensional case ¡3 = 0.6 is the lowest curve while ^ = 1.6 is the highest
curve on the graph. For the lowest power level {¡3 = 0.6) the temperature
is very small for all values of Q as it remains on the lower (cool) branch of
the S-shaped power versus temperature curve. For the larger values of the
power /3 however, the solution is on the upper branch for small a and on the
lower branch for large a. As for the one-dimensional case, the comparison
between the theoretical and numerical results is excellent on the lower (cool)
branch of the curve. On the upper (hot) branch the comparison is generally
still good even though some of the assumptions of the approximate solution
are no longer valid.

5

The numerical scheme

The accuracy of the approximate analytical solutions obtained in §3 and §4
are examined by comparison with numerical solutions of the steady-state
version of the governing equations with appropriate boundary conditions
both in the case of one and two-dimensional slabs.

5.1

The one-dimensional slab

For a one-dimensional slab, the steady-state solution is
T = [i,],

U = [i/,],

¿=l,...,n,

where
(o.l)

and Ax is the spatial grid size, T is the temperature and U is the complex
electric-field amplitude.

A centred finite-difference scheme is used for the

spatial discretisation of the governing equations and boundary conditions

(2.15). This results in the discretised equations having the form
ii+i - 2ti + i._i + /(ii)|[/iP(Ai)^ = 0,

Ui+i - 2Ui + Ui-i + (AxYkUl + iaf{U)Ui) = 0,
where

/(¿,) = Q i + A e

_2I

z = l,...,7i,

¿,+1 - U.i ± 2AxB,ti ± 2AxS{{U +
U2-U0- 2AxkUi = 2Axk,

- 1) = 0, i = I, n

(5.2)

The discretised equations (5.2) can be written in the matrix form

AT = b,

BU = d,

(5.3)

where the matrices A and B have elements
üi^i = 1,

= GiV+i =

= ¿tv+i =

¿

2 = 2,... ,n - 1

= 2,...,n-l

= 1 + AxBi + AxS{ti + + 6ii + 4),
= 1 + AxB, + AxS{il + + + 4),
^1,2 = ön,n-l =

6„,„ = 1 - ^ +
hi,2 = K,n-l = -1,

+ ¿a/(i„)),

(5-4)

with all other elements equal to zero. The vectors b and d have elements
bi = {Axyi3f{ti)\Ui\\

¿ = l,...,n,
(5.5)

di = 2ikAx, di = 0,

z = 2 , . . . , n.

The system of coupled nonHnear equations (5.3)-(5.5) is solved via the iteration scheme
^

=

where the initial matrices and vectors,

r2 = l , 2 , . . .
and

,

(5.6)

are evaluated

at the ambient temperature of zero. The vectors A and B are tridiagonal
hence the system is efficiently solved using Thomas' algorithm. Moreover,
many of the elements in .A. and B are constant and hence do not need to be
updated at each iteration. The iteration scheme (5.6) is assumed to have
converged when the difference in the temperature at the centre of the slab
over two iterations is less than a small tolerance e,
<€.
2

2

(5.7)
^

^

The scheme (5.6) normally takes between 10 and 20 iterations to converge
using (5.7) with e = 1 x

An appropriate temperature norm also can

be used for convergence, with no difference in the results. The rate of convergence of the iteration scheme was not investigated, but is presumably
of first-order. In contrast, Newton's method has second-order convergence.
However, for the Newton's method the Jacobian matrix must be updated at

each iteration. Hence the extra computational effort involving in updating
the Jacobian would nagate the superior convergence provided by the method.

5.2

The two-dimensional slab

For a two-dimensional slab,7 the steadv-state
solution is
w
T = Ikjl

U =

UiJ = Uij + iVi^j,
U^j = T ( - l + {i - l)Ax, - m -f U = u{-l

l)Ay)

+ {i - l)Ax, -m -f U - l)Ay)

(5.S)

Vij = t ; ( - l + (i - l)Ax, -m + ( j - l)Ay)
where

t = 1,...,n

n =

j = I,...

5 = 1+ ^ ,

,s

Ax = Ay

The governing equations (2.23) are discretised to
+ '•„..-^.^u.,-, ^

where

2= l,...,n,

j =

.+

.) = 0,

l,...,s.

while the heat-loss boundary conditions (2.24) become
' • f - j - ^ - ' ' ± BiUj ± SiiUj + l)" - 1) = 0,
± BiUj ± S i ( t i j + 1)^ - 1) = 0,

i=l,n,
J = 1,3,

j =

l,...,3

i=l,...,n
(5.10)

and the boundary conditions for the electric-field amplitude are

^^^

+ krU^j = 2kr c o s ( f ),

y =-m

+Kvr.,=0,
=

for

^ [j - l)Ay,

-

(5.11)

Ku,,=0,

; = 1,5.

The matrix form for the discretised equation is
AT = c,

J5U' = d,

(5.12)

where the vector T ' represents the temperature T and the vector U ' represents both the real and imaginary parts of the electric-field amplitude U.
The discretised equations (5.12) are solved via the iteration scheme
=

=

where the initial matrices and vectors,

p=l,2,...,
and

(5.13)
are evaluated

at the ambient temperature of zero. The form of the iteration scheme (5.13)
is chosen so the matrices A and B have constant coefficients and hence they
need only be inverted once. All the nonlinear Arrhenius terms of (5.9) are
placed on the right hand sides c and d of the equations (5.12). The iteration
scheme (5.13) then calculates these nonhnear terms as known values from the
previous iteration step. In the case of finite radiative heat-loss, however, the
nonlinear radiative terms must be placed in the matrix A to ensure stability.
For this case, the first of (5.12) must be inverted at each step of the iteration
73

leading to a much slower iteration scheme. The stopping condition for (5.13)
is the same as (5.7) for (5.6). The scheme (5.13) normally takes between
10 and 30 iterations to converge using the stopping condition (5.7) with
e

= 1 X 10"^

6

Conclusion

In this thesis, an approximate analytical model has been developed to describe the steady-state microwave heating of one and two-dimensional slabs
subject to both convective and radiative heat-loss. The approximate model
incorporates the Arrhenius law as the temperature dependency for the electrical conductivity and the thermal absorptivity, which is approximated by
a rational-cubic function. The approximate solutions for the steady-state
electric-field amplitude and the temperature are in excellent agreement with
the full numerical solutions for a range of examples both for one and twodimensional slabs. In particular, the developed approximate analytical theory gives excellent predictions on the lower branch of the S-shaped temperature versus power curve, including the critical power level at which thermal
runaway occurs. On the upper branch of the S-shaped curve the theoretical predictions show some variation from the numerical solutions but are still
consistant. In the one-dimensional case, the approximate analytical solutions
require about two orders of magnitude less computational effort than does
the steady-state numerical solutions while in the two-dimensional case, the
approximate solutions require about three orders of magnitude less computational effort than the numerical solutions. So the approximate model allows
an accurate prediction of thermal runaway to be obtained at a much smaller
computational cost, particularly in the two-dimensional case.

It is expected that the approximate method developed in this thesis
could be extended to examine microwave drying problems. In this case the
electrical permittivity and the thermal absorptivity are both moisture and
temperature-dependent. In this case the usual Maxwell's equations and the
forced heat equation would need to be supplemented by the appropriate conservation equations for mass, liquid fraction and enthalpy. Moreover, physically realistic trial functions would need to be found for the liquid fraction
and the gas pressure.
Also the model developed here could be extended to three space dimensions and made time-dependent. This could be particularly valuable if real
time control over an industrial microwave heating application with a threedimensional geometry is required.

Nomenclature
T

temperature

v

thermal difFusivity

7(T)

thermal absorptivity

<5(x)

Dirac-delta function

D

displacement current

B

magnetic flux density

E

electric field

H

magnetic field strength

a

electrical conductivity

e

electrical permittivity

f.1

magnetic permeability

p

net free charge

n

normal to the boundary

Bi

Biot-number

S

radiation-number

Ti

ambient temperature

Ey

incident electric field

Hy

incident magnetic field

U

amplitude of electric field

V

amplitude of magnetic field

h

wavenumber in the material

k

wavenumber in free space

c

speed of the radiation in the material

Co

speed of the radiation in free space

uj

frequency of the radiation in the material

r

reflection coefficient

p

transmission coefficient

Ei

incident electric field amplitude

I

length

m

width

¡3

power

A

heat-loss parameter

a

decay rate

u

real part of decay rate a

V

imaginary part of decay rate a

C

temperature in the slab's centre
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